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ABSTRACT. In this paper we consider the family of n-th degree poly-
nomials whose coefficients form a log-convex sequence (up to binomial
weights), and investigate their roots. We study, among others, the struc-
ture of the set of roots of such polynomials, showing that it is a closed
convex cone in the upper half-plane, which covers its interior when n
tends to infinity, and giving its precise description for every n € N,
n > 2. Dual Steiner polynomials of star bodies are a particular case of
them, and so we derive, as a consequence, further properties for their
roots.

1. INTRODUCTION

The volume of a measurable set M C R", i.e., its n-dimensional Lebesgue
measure, is denoted by vol(M) and, in particular, we write k,, := vol(B,,)
for the volume of the n-dimensional Euclidean unit ball B,,.

For two convex bodies (i.e., non-empty compact and convex sets) K, E C
R™ and a non-negative real number A, the volume of the Minkowski sum
K + M\FE is a polynomial of degree at most n in A, and it is written as

n
(1.1) vol(K + \E) = Z (?)WZ(K, B\,

i=0
This expression is called the Steiner formula of K and E. The coefficients
W, (K; E) are the relative quermassintegrals of K w.r.t. E, and they are a
special case of the more general mized volumes, for which we refer to [17,
Section 5.1]. In particular, Wo(K; E) = vol(K) and W, (K; E) = vol(E).

If we regard the right-hand side in (1.1) as a formal polynomial in a

complex variable z € C, the study of its roots has been investigated in several
papers [4, 6, 7, 8,9, 11, 12]: topology of the cone of roots, monotonicity with
respect to the dimension, stability, etc. We emphasize that most of these
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results are based on the characterization of the relative quermassintegrals
via the well-known Aleksandrov-Fenchel inequalities

Wi(K;E)? > Wi (K EYWii (KGE), i=1,...,n—1

(see e.g. [17, (7.66)]). This characterization problem was solved in [18]
and [8]: any given set of n + 1 non-negative real numbers Wy,..., W, >0
satisfying the inequalities Wf > W;_1 Wiy, 1 <i<n—1, arises as the set of
relative quermassintegrals of two convex bodies. Such a tuple (Wy,..., W,,)
is called log-concave. Therefore, Steiner polynomials are precisely those ones
whose coefficients, up to the combinatorial numbers, form a log-concave
tuple.

As a natural counterpart to the above issue, we consider the family of
those n-th degree polynomials whose coefficients (up to the combinatorial
numbers) form a log-conver sequence. From now on, n > 2.

Definition 1.1. We say that a polynomial has log-convex coefficients if it

s of the form
fulz) =3 (?) wi

i=0
with w; > 0 and w = (wp,w1,...,w,) a log-convex tuple, i.e., satisfying
w? <wj—witq forall1 <i<n-—1.
As in the case of the Steiner polynomials, we are interested in investigating
the structure and behavior of the set of roots of these log-convex coefficients
polynomials.

In order to state our main results, we note first that if w = (wp, w1, ...,wy)
is a log-convex tuple, then

e cither w; >0 forall 0 <i<mn,
e orwj = =wp_1 =0 and wy,w, > 0.

Indeed, if w; = 0 for some i € {0,...,n}, then w;11 = 0if i < n — 2 because
wl-2+1 < wiwiye = 0, and w;—1 = 0 if ¢ > 2 (now "%2—1 < wj—ow; = 0). Thus,
we can distinguish two families of log-convex finite sequences: let

L = {w = (wo, ... ,wy) log-convex : w; >0,1=0,...,n, w# (O,...,O)},
4= {w: (Woy - wn) € LT w; >O,i:0,...,n}.

Clearly, L™ can be expressed as the disjoint union

(1.2)  L£"=L%U{w = (w,0,...,0,w,) : wo,wpn >0, w# (0,...,0)}.

From now on, we will write Re(z), Im(z), |2| and Z to represent the real
and imaginary parts, the modulus and the complex conjugate of z € C,
respectively. Let CT = {z € C: Im(z) > 0}, and for n > 2 let

Re(n) ={z€C": fu,(z) =0 for some w € L} and
Reoo(n) ={z€C*t: f,(z) =0 for some w € LZ}.
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It is known (see [8]) that the set of roots of all log-concave coefficients (i.e.,
Steiner) polynomials in C* is a closed convex cone containing the non-
positive real axis R<g. In this paper we show that log-convex coefficients
polynomials share these properties:

Theorem 1.1. R (n) is a conver cone containing the non-positive real axis
R<o. Reoo(n) is a convex cone containing the negative real axis R<.

As usual in the literature, we represent by int M, cl M, bd M and conv M,
the interior, closure, boundary and convex hull of M, respectively. We also
stress that, from now on, any topological issue concerning subsets of C must
be understood with respect to the standard topology.

Theorem 1.2. The cone Rz(n) is closed. Moreover, clR..,(n) = Re(n)
and int Re_,(n) = int Re(n).

These theorems will play a key role in order to get the precise description
of the cones Rz(n) and Rz ,(n). When n = 2 it can be directly obtained
from results in [1]:

Reoo(2) = {z € CT : Re(z) < 0}

(see [1, Proof of Proposition 4.2]). Here, for arbitrary n € N, n > 3, we
describe the cones Rz, (n) and Rz(n), and show that they are determined
by the n-th roots of —1:

Theorem 1.3. Let n > 3. Then
Reoo(n) ={a+bieC":b>tan(r/n)a} and
Re(n) ={a+bieC":b>tan(r/n)a}.

A prominent subset of this family of polynomials is the one consisting of
the well-known dual Steiner polynomials (see Section 2 for its explicit defi-
nition), which have been also studied thoroughgoingly in the last years. So,
many properties of this general family of log-convex coefficients polynomials
will apply to the dual Steiner ones.

The paper is organized as follows. Section 2 is devoted to a brief intro-
duction on the dual Steiner polynomials and its connection with our general
family of polynomials; the main results that we obtain in this setting are
also presented. Next, in the brief Section 3 we collect the classical properties
on polynomials that will be needed in the proofs of our results. In Section 4
we study the structure of the set of roots of all log-convex coefficients poly-
nomials, showing, among others, that it is a closed convex cone in the upper
half-plane (Theorems 1.1 and 1.2), monotonic with respect to n, which cov-
ers its interior when n tends to infinity. We also give its precise description
for all n € N, n > 3 (Theorem 1.3), and derive some consequences for dual
Steiner polynomials. Finally, in Section 5 we get bounds for the roots of
these polynomials in terms of the coeflicients. Here we also obtain a charac-
terization of the Euclidean ball as the only star body such that all the roots
of its dual Steiner polynomial have equal real part.
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2. A BRIEF TOUR ON DUAL STEINER POLYNOMIALS

An outstanding extension of the classical Brunn-Minkowski theory is ob-
tained by replacing convex bodies and the classical Minkowski addition, by
another family of sets and a different additive operation: the dual Brunn-
Minkowski theory (see e.g. [17, Section 9.3]), introduced by Lutwak in
[13, 14], and based on the radial addition x4y for x,y € R", where

~ x4y, if x,y are linearly dependent,
r+y = .
0, otherwise.

In general, the radial sum K+F = {24y : z € K,y € E} of two convex
bodies K, E is not a convex set, but the radial sum of two star bodies is again
a star body. In order to define star bodies, we call a non-empty set S C R"”
starshaped (with respect to the origin) if the segment [0, 2] C S for all x € S.
For a compact starshaped set K its radial function px : S*~!1 — Rxq is
defined by px(u) = max{p > 0 : pu € K}, where, as usual, S"~! represents
the (n — 1)-dimensional sphere. If this function is positive and continuous
then K is called a star body. In particular, any star body has non-empty
interior and any convex body containing the origin in its interior is a star
body. We denote by S the set of all star bodies in R™.

It is easy to see that, for K, E € §§ and A > 0, the volume of the radial
sum K+\E = {:B:L/\y xeK,yekE } is also expressed as a polynomial of
degree n in A (see e.g. [17, page 508]), the so-called (relative) dual Steiner
formula, which is written as

(2.1) vol(K+AE) = zn: (7;) W,(K; E)X.
=0

The coefficients WZ(K ; E) are the (relative) dual quermassintegrals of K
and E, and they are special cases of the dual mixed volumes, which were
introduced by Lutwak in [13] (see also [17, Section 9.3]). Since star bodies
have non-empty interior, it is easy to see that W,(K ;E) > 0 for all 1 =
0,...,n. Dual quermassintegrals also satisfy that WO(K ; E) = vol(K) and
Wn(K ; E) = vol(FE), and furthermore, they are homogeneous of degree n — i
(respectively, degree i) in the first (respectively, second) argument. When
E = B,,, we write for short WZ(K) = WZ(K, By).
It is well-known that for K, E € S,

(22) WiK;E)?<W,_((K;E)Wi(K;E), 1<i<n-—1,
which are the “dual” counterpart to the classical Aleksandrov-Fenchel in-

equalities (see e.g. [17, (9.40)]). Equality holds in (2.2) if and only if K and
E are dilates.
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Regarding again the right-hand side of (2.1) as a formal polynomial in a
complex variable z € C, which we denote by

n
frp(2) = (n) Wi(K; E)2,

structural properties of the set of roots of dual Steiner polynomials are
investigated in [1]. Most of these results are based on a characterization
of those tuples (wo,...,wy,) of real numbers for which there exist K, E €
Sy with vV/j(K;E) = wj, j = 0,...,n, which is also proved in [1]. This
characterization is, however, much more involved than the one describing
the classical quermassintegrals (see [1, Theorems 1.1 and 2.2]): now, the
dual Aleksandrov-Fenchel inequalities are, in general, not enough in order
to characterize dual quermassintegrals.

At this point we make a key observation. It arises from [1, Lemma 2.2]
that one of the star bodies in the above mentioned characterization is always
an Euclidean ball. Therefore, and without loss of generality, we will always
take the relative star body E = B,,. Furthermore, those results in which the
dual quermassintegrals characterization is not used are equally valid for an
arbitrary F € S without additional considerations, and so, for the sake of
simplicity, we will always work with the dual quermassintegrals W;(K).

Thus, we write

R(n) = {zeC": fx:p,(2) = 0 for some K € Sy}

to represent the set of roots of all dual Steiner polynomials in the upper
half-plane, which is known to be a convex cone containing the negative real
axis Reo (see [1, Theorem 1.3]). Since the dual quermassintegrals fulfill
Wi(K) > 0 for all i = 0,...,n and every K € S, and they satisfy the
dual Aleksandrov-Fenchel inequalities (2.2), dual Steiner polynomials are
particular cases of log-convex coefficients polynomials, and thus

(2.3) R(n) C Rey(n).

But since the dual Aleksandrov-Fenchel inequalities do not characterize, in
general, dual quermassintegrals, the inclusion (2.3) may be strict. However,
both cones are known to coincide when n = 2 (see [1, Proposition 4.2]):

R(2) = Reoo(2) = {z € CT : Re(2) <0} .
Singular cases turn out to be dimensions n = 2,3, where the dual Aleksan-
drov-Fenchel inequalities do characterize dual quermassintegrals (see [1,

Proof of Proposition 4.2]) and [10, Corollary 3.1], respectively). We col-
lect both results in the following theorem:

Theorem 2.1. Given wg,wy > 0, there exists a star body K € 802 such
that WZ(K) = w;, © = 0,1, if and only if either they verify the strict dual
Aleksandrov-Fenchel inequality w% < wowa, or wi = N>"iky for some X > 0
and ©t = 0,1, and in this case K = ABs.
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Given wy,w1,ws > 0, there exists a star body K € S§ such that W;(K) =
wi, 1 = 0,1,2, if and only if either they verify the strict dual Aleksandrov-
Fenchel inequalities w? < wows and w? < k3w, or w; = A3k for some
A>0andi=0,1,2, and in this case K = \Bs.

Remark 2.1. In dimensionn = 4 it is easy to see that the dual Aleksandrov-
Fenchel inequalities do not characterize the dual quermassintegrals. In fact,
taking wy = (472 — 6) /(72 — 2), w1 = 2 and we = w3 = 1, one gets

-2 2

2 2
PORRET wy —wawy) = —1, w3 —wakg =1— —.

2
w1 — Wowa =
! 2

However, using the characterization given in [1, Theorem 2.2] via some prop-
erties of particular Hankel matrices, one can see that the above numbers are
not dual quermassintegrals of any star body: indeed, it is a straightforward
computation to check that the Hankel matrix

Rqg W3 W2
w3 w2 w1
w2 Wi Wo

is mot positive definite because its determinant vanishes.

Accordingly, the results satisfied by 2-nd/3-rd degree log-convex coeffi-
cients polynomials will have a more or less direct translation for dual Steiner
polynomials of planar/3-dimensional star bodies, not so when n > 4. An
example of this fact arises in the following consequence of Theorem 1.3:

Corollary 2.1. R(3) = {a+bieCt:b>V3a}.

Its proof can be found in Section 4. Another of our main results for dual
Steiner polynomials, which cannot be derived from results for log-convex
coefficients polynomials, is the following characterization of the Euclidean
ball. Its proof will be collected in Subsection 5.2:

Theorem 2.2. Let K € S forn > 3, let v, i = 1,...,n, be the roots of
fr:B,(2) and let a > 0. Then Re(vy;) = —a for alli=1,...,n if and only if
K =abB,.

3. BACKGROUND ON POLYNOMIALS

Since many of our results are strongly based on specific properties which
are satisfied by the roots of polynomials, in order to make the reading of
the manuscript easier, we devote this brief section to those results on poly-
nomials that will be needed in the subsequent proofs.

An important well-known result establishes that the roots of a (complex)
polynomial are continuous functions of its coefficients:
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Theorem 3.1 ([15, Theorem (1,4)]). Let

,

f(z):a0~l—a1z—|—-'-—|—anz”:anH(z—zi)m", an # 0,

i=1

F(z) = (ag+¢e0) + (a1 + 1)z + + (an-1 + €n—1)2" " + ap2"
be complex polynomials, and let 0 < rp < min |z — 2z;| fori =1,...,k —
Lk+1,....r and all k = 1,...,r. Then there exists € > 0 such that, if
leil < e fori=0,...,n—1, then F(z) has precisely my, roots in the disk
{zeC:ilz—z| <re}, k=1,...,r.

The following results provide bounds for the modulus of the roots of a

polynomial:

Proposition 3.1 ([15, p. 137, Exercise 2]). Let f(z) = ap+aiz+---+apz"

be a real polynomial with a; > 0,1 =0,...,n. Then its roots lie in the ring
min <Jz] £ max .
0<i<n—1 Qj4+1 0<i<n—1 @j1+1
Proposition 3.2 ([15, p. 126, Exercise 7). Let g(z) = 2" +b12" ' +---+b,
be a complex polynomial with roots z1,. .., zn, and let M = max;—1, _n |2
Then Vi
(2
1| bi
ety
n=| (%)

Theorem 3.2 ([15, Theorem (33,3)]). Let r € {1,...,n —1}. A complex
polynomial of the form g(z) =1+ by2" + -+ + bpz™ with b, # 0 has at least

r roots in the disk {z eC: |z < ((Z’)/|br|)1/7"},

An important tool will be the well-known Lucas theorem on the location
of the roots of the derivative (critical points) of a polynomial (see e.g. [15,
Theorem (6,1)]):

Theorem 3.3 (Lucas’ theorem). All the critical points of a (non-constant)
complex polynomial f(z) lie in the convex hull C of the set of roots of f(z).
Moreover, if the roots of f(z) are not collinear, then no critical point of f(z)
lies on the boundary of C' unless it is a multiple root of f(z).

Next property provides with a relation between the imaginary parts of
the roots of the derivative of a polynomial and of the polynomial itself.

Theorem 3.4 ([16, Theorem 1.4.1]). Let the complex polynomial f(z) of
degree n > 1 have the roots z1,...,2z,, and let wi,...,wy—1 be those of
f'(z). Then

1 n—1 1 n
— ;Hm(wz)‘ < - ;‘Im(zz)‘

The last result, known as the Davenport-Pélya theorem, deals with the
convolution of two log-convex sequences.
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Theorem 3.5 (Davenport-Pdlya’s theorem, [3]). Let (a;)i~, and (b;)}— be
log-convex sequences of positive numbers. Then the sequence (v;)?_, given by

1 )
v; = agb; + <1> arbi—1 + <2> agbi—o + -+ + a;bg

s also log-convez.

4. THE SETS OF ROOTS OF LOG-CONVEX COEFFICIENTS POLYNOMIALS

In this section we prove our main results regarding the structure of the set
of roots of log-convex coefficients polynomials. We start with Theorem 1.1,
for which we need the following auxiliary result:

Lemma 4.1. Let w € L™ (respectively, w € LZ). Then:

i) for every X > 0, there exists w’' € L™ (respectively, w' € LZ) such
that fu(A) = fur (2);
ii) for all a > 0, there exists W' € L™ (respectively, w' € L) such that

Jw(z +a) = fuw(2).

Proof. Let w = (wo, ...,wp) € L". To see i) it suffices to consider the tuple
w' = (wp, \w1, ..., \"wy), and the result follows.

To prove ii) we have to distinguish whether w € L2 or w € L™\ L. First
we assume that w € £%,. Taking into account that also the reversed tuple
(Wn,wn—1,...,wo) € L2, and that (1,a,a?,...,a") € L2, we construct the
new tuple

i,
1 k .
Uz‘zz<k>a Wn—itk, 0=<i<m,

k=0
given by their binomial convolution, which is also a log-convex sequence
as an application of Davenport-Pélya’s theorem (see Theorem 3.5). So,

W' = (Uns - 09) € L2, and since (V) (") = (;7,) (), we get
Lt S0 )
S )
SEO0)-E0k(£0-)

Il
VY
~_

&

<l
~
+
Q
S~—
S,
Il
~
€

N

+

IS

\‘_/

Finally we assume that w = (wy, 0, ...,0,w,) with wy,w, > 0, w # (0,...,0)
(see (1.2)). If wy, = 0 the result is trivial, and so we assume that w, > 0.
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Then fu,(z) = wo + wp2™ and taking

W = (wo + wpa™, wpa™t wea™ 2L wpa,wy) € L7
we have
fur(2) = (Z <i>a”_zz’> wp +wo=wp(z+a)" +wy = fu(z+a). O
i=0

Now we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1. Let v € Rr.,(n). Then there exists w € L2, such
that f,,(y) = 0, and Lemma 4.1 ii) ensures that, for all @ > 0, v —a is a
root of fu,(z + a) = fu(2) for some w’ € L2 . Therefore, v —a € Rz (n).

Furthermore, by Lemma 4.1 i) we know that, for any A > 0, Ay is a
root of the polynomial fu,(2/X) = fur(2) for some w” € L2, and hence,
Ay € Re.o(n). These two properties imply that Rz_,(n) is a convex cone.
The proof concludes by noting that the tuple (1,1,...,1) € L2, and so
—1 € R, (n); therefore, Reg C R y(n).

In the case of L", the argument is analogous. We just have to observe
that now the tuple (0,...,0,w,) € L™ for w, > 0, and thus 0 € Rg(n). O

Remark 4.1. At this point we would like to stress the pertinence of working
with polynomials of the form fu(z) = Y1, (})wiz" instead of just consi-
dering > qw;z" for w € L (or L™). The combinatorial numbers play a
key role if one aims to have analogous properties to the ones of the Steiner
polynomials (e.g., convexity or monotonicity). Indeed, it is an easy com-
putation to check that the set of roots of all the 2-nd degree polynomials
wo + w1z + wez?, with w € £2>0, 18 {a+bi eCt:-b<V3Bax< 0}, and
hence convex; however, for the 3rd-degree polynomials Z?:o wizt, wE Eio,
the set of roots is contained in the union {a+bi € C*:b> \/§|a|} UR-o,
and hence, since it trivially contains the set ReoU{bi : b > 0}, the convexity,
for instance, is lost. Of course, further research can be developed for them.

Next we investigate the topological properties of the cones R,(n) and
Rr.o(n): we prove Theorem 1.2.

Proof of Theorem 1.2. Let v € bdRz(n), and let (Vm)men C Re(n) be a
sequence such that lim,, .o ¥m = . Then, for every m € N, there exists
W™ = (W, ..., w)") € L" such that fym (ym) = 0.

Since fum (1) > 0 because w™ # (0,...,0), without loss of general-
ity we may assume that f,m(1) = 1; otherwise one might take the tuple
w™/ fum (1) € L. Thus, from fum (1) = Y7 (Hwi™, we get w™ € [0, 1] for
every ¢ = 0,...,n and all m € N. Thus, a subsequence of each sequence
(W™)men converges to a point w;, 0 < i < n, and without loss of generality
we assume that lim,, .o w" = w; for all i = 0,...,n.

Moreover, since (u)z-m)2 < wimywiyy for all m € N, the same inequality
holds for the limit values, i.e., (w;)? < wi_qwir1, 1 < i < n—1. We
also note that w # (0,...,0) because f,m(1l) = 1 for all m € N; hence
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w = (wo,...,wy) € L™ Finally, since fum(vm,) = 0 for every m € N, also
fw(y) =0, and so v € Rz (n).

Next we show the identities of the statement. First we observe that the
set difference Rz (n)\Re.,(n) C {z € C* : 2"+ a =0 for some a > 0}.
Moreover, the set in the right-hand side is the (finite) union of those rays
determined by the n-th roots of —1 which are contained in the upper half-
plane C*. Then, taking into account that both R.z(n) and Re.,(n) are
convex cones (Theorem 1.1) and that they only differ, at most, in the above
finite union of rays, we may conclude that int R._,(n) = int Rg(n) and
clRe.o(n) =clRe(n) =Re(n). O

Using the previous results, in the next subsection we will determine
Reioo(n) and Re(n).

4.1. Describing the cones R.(n) and R._,(n). Before the proof of The-
orem 1.3, we need several lemmas and additional notation.

First we introduce and study particular polynomials that will be crucial
in the proof of our main result. The classical De Moivre formula states that,
for any € R and m € Z, (cos(z) + sin(z) i)™ = cos(ma) + sin(mz) i (see
e.g. [2, page 5]). Then, for any = € (0,7/m], m € N with m > 3, we have

0 < Im(cos(ma) + sin(mz)i) = Im((cos(:l:) + sin(z) 1)m)
- (™ —1)=D/2 ogm=i (1) gint x),
> (>< D (x) i (x)

i odd

and dividing by cos™(x) > 0 we get

3 (m> (—1) 6D/ tani(z) > 0.

=1
i odd

Thus, for any m € N, the formal polynomial in a real variable ¢t € R
m—1 m
) = 1y
) =3 (7))

=0

i even

satisfies the following basic but crucial property:

Lemma 4.2. Let m € N. Then py,(t) > 0 for all t € [0, tan(w/m)], and
equality holds, for m > 3, if and only if t = tan(w/m).

Next lemma establishes an important relation for these polynomials that
will be needed later.

Lemma 4.3. Let m € N. For allt € R,

(14 )P (t) = 2pm+1(t) = Pmta(t)-
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Proof. From the definition of p(t), for k = m, m + 1, m + 2, we have

n 7 even
m—1 m m—+1
_ 1/2 i 1/2 144
s B CUEED S Yl
m—1 m m
_ _ _1)i/24
B () (s
where
g m(—1)"/2=1¢™  if m is even,
Pl (=)m=D/2mtl g s odd,
and
()~ poat) =2 37 (D oy S (M F2) g
Pm+1 DPm+2 = 2 i1 £ i1
= m+1 m+ 2 e
_ 9 - 1 1/248
2; [<¢+1> <i+1>}( VO S
where
g, — 0 if m is even,
2 (—=1)m=D/2gm+1 i s odd.

Clearly, the constant terms m and Q(WIL 1) — (mIL 2) coincide in the two above
polynomials. Also the leading coefficients in both cases, m even and odd,
are equal: m(—1)""/2~1 and (—1)(m=1D/2_ respectively. Furthermore, since

(1T£>_<;T1):(Sjjxrgﬁ;fgl:2<?:?>"erf)

forall i =2,...,m — 1, we get the required identity. O

Next, we define a (finite) sequence of functions ¢ : [O tan( 2 +3)} — R<q,
k=1,...,n— 3, recursively by

1422 if k=1,
c(t) = 2¢1 (t)

In order to assure that they are well-defined, we have to see that cy(t) # 2
forall Kk =1,...,n — 3 in its domain. This will be a direct consequence of
the following lemma, which will be needed in the proof of Theorem 1.3.
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Lemma 4.4. For every k=1,...,n— 3 we have

3 —t2

Ck (t) < 5

for all 0 <t <tan (kﬁ-|—3> .

Equality holds if and only if t = tan (7/(k+3)). In particular, c(t) < 2 for
0<t<tan(r/(k+3)) and allk=1,...,n— 3.

Proof. We notice that it is enough to show that the functions c(t) can be
expressed as

3—t  prys(t)
2 2pk+1(t)7
for all 0 < ¢ < tan(w/(k + 3)). Indeed, since pry3(t) > 0 for all 0 <
t < tan(m/(k + 3)) with equality if and only if ¢ = tan(r/(k + 3)) (see
Lemma 4.2) and, in this range, py41(t) > 0 because (tan(m/m )) _, isa

decreasing sequence and so tan(r/(k+3)) < tan(m/(k+1)), then the result
follows. As usual, we are using the convention tan(w/2) = oco.
We prove (4.1) by induction on k. Clearly

3—t7  pa(t)  3—t* A—42 1412
2 2p9(t) 2 4 2
So, let k > 1 and we assume that (4.1) holds for £ — 1. Then

3—1*  prya(t)  14+1* | pryo(t)

(4.1) cx(t) = E=1,...,n—-3,

= Cl(t).

2—cp(t) =2— 5 2pp(t) 2 2py(t)
and using Lemma 4.3 we get
_ %) 2048y mel)
cr(t) = 5— ce1(t) (L4 12)pr(t) + pryalt) (L4 )Pk+1(t)'

The identity (4.1) is now obtained using again Lemma 4.3 twice:

en(t) = (14 @) 2l _ e = iy (1)

pre1(t) 2pk11(2)
A (t) — prgs(t) — (L +)prga(t) (B = 12)prsa () — prs(t)
B 2pk+1(t) a 2pg41(2) '
This concludes the proof. ([

Now we are in a position to prove our main result.

Proof of Theorem 1.3. We state the result for Rz (n); the description of
the cones Rp(n) is achieved just noticing that Rez(n) = clRz.,(n) (see
Theorem 1.2).

First we observe that since

1+tan(n)1€{z€(C+ 2" +a=0} CRe(n),
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where a = cos™"(m/n), and Rgz(n) is a convex cone containing R<g (Theo-
rem 1.1), we have from Theorem 1.2 that

{a +bieCT:b>tan (%) a} CintRe(n) UR<g
=intRs.,(n) URcg C Reoy(n).

So, we have to prove the reverse inclusion. Let n € N with n > 3, and
we take a + bi € Rg_,(n). We may suppose that a > 0, otherwise the
inequality is satisfied, and hence, using Lemma 4.1 i), we assume without
loss of generality that a = 1. Let w = (wo,...,w,n) € L%, be such that
fu(1+0bi)=0.

From fu(2) = wn(2? — 22 + 1 + b?) (z"‘Q + 2?2_03 aizi) we obtain the
following identities: if n = 3, we get

wo 1

—ap(1+%), 32 =140 20, 32=qo-2
w

w3 3 w3

whereas for n > 4 we have

=0 = ap(1 +v?), nﬂ:a1(1+b2)—2a0,
Wn, Wn
(n) Wi :ai(1+b2) —2a;_1+a;_g for i=2,...,n—3,
1/ wp
<n) “n-2 _ 4 +b%—2an_34+an_4 and n Wnol an—3 — 2.
2 Wn, Wn
Since w; > 0 for all ¢ =0,...,n, we have ap > 0 and
(i) a1 (1 + v%) > 2ao, (i) 1+ 6% + an_4 > 2a,_3,
(4.2) (iii) a;(1 + %) + aj—2 > 2a;—1 for i=2,...,n— 3,
(iv) an—3 > 2.

Note that for n = 3 there are no inequalities (ii) and (iii), being a; = 1;
for n = 4 there is no inequality (iii). In both cases, the conclusion in this
argument will be obtained directly.

We assume now that b = tan(w/n), and we will get a contradiction. From
(ii) and (iv) in (4.2) we immediately get that

(4.3) 3 — tan? (f) < ap_u.
n

Next we consider the recursive (finite) sequence of numbers

2(n
71“&3 () for k=1,

2cq _ _
P p— fork=2,...,n—2,

Ci —

which is well-defined by Lemma 4.4: note, on the one hand, that tan(w/n) <
tan(Tr/(k:—i—S)) forall k =1,...,n—3 and, on the other hand, that ¢,,_3 < 2,
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which ensures that ¢,—2 can be defined. Using (4.2)(i) we get ag < cyaq,
and together with (iii) for i = 2 we obtain
ag c1a; . 2cq
a1 < crag + ? < ci1as + T, e, a1 <
because ¢; < 2 (see Lemma 4.4). An inductive procedure yields, using (iii)
forany 2 <i<n-—3,

Az = C20a2
2— C1

(07 ) Ci—1Q;—1
ai_1 < cra; + —— < cra; + ———,
2 2
and so we get
a;i—1 < Cia; for all t1=2,....n—3

because ¢;—1 < 2 (see Lemma 4.4). Finally, the above relation for i =n — 3
together with (4.2)(ii) gives

Gp—4
an—q4 < Cp—30ap—3 < Cp—3|C1 + 9 )

and hence, since ¢, 3 < 2 (see Lemma 4.4) we have
201
ap—4 < Cn—3 = Cp—2Cpn—3.
2—cp-3

From the equality case of Lemma 4.4, we get

3 — tan? (I) 2¢1 1+ tan? (Z)
T S )
Sl vy
and so

2 7T
Ap—4 < Cp_9Cp—3 =3 —tan” ( — ),
n

which contradicts (4.3). Therefore, since Rz ,(n) is a convex cone con-
taining R<g, it must be b > tan(n/n), which shows the reverse inclusion
Reoo(n) C {14 bie C":b>tan(r/n)}. This concludes the proof. O

Note that, surprisingly, the proof of the inclusion Rz_,(n) C {a + bi €
C* :b > tan(m/n)a} in Theorem 1.3 does not make use of the log-convexity
property of the tuple w = (wp,...,wy): just the positivity w; > 0, for all
1=0,...,n, is needed. This shows the following property:

Corollary 4.1. There exists no n-th degree real polynomial ag+ai1z+---+
anz" with a; >0 for alli=0,...,n, having 1 + tan(w/n)i as a root.

As a direct consequence of Theorem 1.3 we get that the cones R.o_,(n)
and R,(n) are strictly monotonic with respect to m, and also that they
cover the whole upper half-plane C*, except R>(, when n tends to infinity.
For simplicity we state the result just for Rz_,(n); the case of Rz(n) is
analogous.

Corollary 4.2. R;_,(n) & Reoo(n+1). Moreover, for all v € CT\Rxo,
there exists ng € N such that v € Re_,(n) for all n > ng.
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Proof. The first assertion is obvious from the description of R._,(n) given in
Theorem 1.3. Finally, for a given v € CT\R>, since lim,_ tan(r/n) = 0
then there exists ng € N such that v € {a+bi € CT : b > tan(r/n)a} =
Rr.o(n) for all n > ng. This concludes the proof. O

As another consequence of Theorem 1.3 we can prove Corollary 2.1. In-
deed, since the dual Aleksandrov-Fenchel inequalities characterize the triples
(wo, w1, ws) of positive numbers that can be the dual quermassintegrals

W;(K) of some star body K € S3 (see Theorem 2.1), with a slight extra
effort we easily get that R(3) = R, (3):

Proof of Corollary 2.1. The inclusion R(3) C Rr.o(3) is clear. In order
to prove the reverse inclusion, let v € R, ,(3), which we suppose not to
be real, otherwise the assertion holds. Then there exists w € E?;O such
that f,(v) = 0. Note that we may assume, without loss of generality, that
w = (wo,wl,wg, Klg). If

w? <wws and w3 < wiks,

then Theorem 2.1 ensures that f,(z) is a dual Steiner polynomial of some

star body, and therefore v € R(3).
If, on the contrary, some of the above inequalities is an equality, we con-
sider the 4-tuple

K3
K3+ €&

W' = (W), w],wy, K3) = (w0+s,w1,w2,/<ag+5)

for fixed € > 0. Clearly w’ € E?;O, and it is straightforward that the inequal-
ities (w})? < wjwh and (wh)? < wikg hold. Hence, by Theorem 2.1 there
exists a star body K € S such that f.(z) = fK;B3 (z) is a dual Steiner
polynomial.

Let § > 0 be fixed. Since the roots of a polynomial are continuous func-
tions of the coefficients of the polynomial (see Theorem 3.1), if € > 0 is small
enough, then there exists v/ € C* with fo/(7/) = 0, i.c., ¥ € R(3), such that
ly—~/| < 8. This shows that v € cIR(3), i.c., that Reoo(3) C cIR(3). Since
both R._,(3) and R(3) are convex cones, the proof is then concluded from
the inclusion R(3) C R, (3) jointly with the fact that the upper ray of the
boundary of Rz, (3), i.e., bd Rz, (3)\R<o, is not included therein. O

Unfortunately, since the dual Aleksandrov-Fenchel inequalities do not
characterize dual quermassintegrals (cf. Remark 2.1), Theorem 1.3 does

not provide us with a description for R(4).

4.2. Further properties of the cones of roots. An immediate outcome
of Theorem 1.3 is the fact that, when n > 3, a pure imaginary complex
root always exists in R._,(n), since it is a convex cone. Indeed, for n =3
there are log-convex coefficients polynomials all whose complex roots are
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pure imaginary. However, when n > 4 not all the roots can be of that type.
More precisely, we have:

Theorem 4.1. For n > 4, n # 5, there does not exist w € L™ such that
all the roots of fu.(z) are imaginary pure complex numbers (excluding the
real root always existing for odd degree). When n = 5, the only 6-tuples
satisfying the above condition are w = )\(05, c*/5,c%/5,c2/5,¢/5, 1) € L5 for

A >0 and ¢ > 0, and in this case fu(z) = XNz +¢) (22 + 62)2.

In order to prove the theorem, we need the following auxiliary result:

Lemma 4.5. For any n > 5, let x1,...,x, > 0, r > 2, be positive real
numbers, such that
3n—1
Tt S iy
Then
1 1 3n—1
(4.4) ;1+...+;Z§n_27

and equality holds if and only if n =5, r =2 and x1 = x5 = 1.

Proof. For the sake of simplicity we write a, :=3(n—1)/(2(n—2)). Clearly
as = 2, and since a,, is a decreasing sequence in n, it can be easily seen that
an < 2 for all n > 5, and so a,, < 4/a,, with equality if and only if n = 5.

We assume that Z:Zl z; < ay, and first we show the result for r = 2.
Let m := 21 + 22 < a,. Since m — x1 = x9 > 0, inequality (4.4) can be
expressed as m > a,x1(m — x1), or equivalently,

(4.5) anx? — apmax; +m > 0.

Using that a,, < 4/a,, the discriminant of the 2nd-degree polynomial (in x;)
in the left-hand side satisfies that

4
D =a,m(a,m —4) < a,m <an — 4> =0.
Qn

Therefore a,x? — apmay +m > 0, and thus (4.4) holds. Note moreover that
if n > 5 then D < 0 and (4.4) holds strictly.
Now we assume that r > 2 and consider the positive numbers

r—1
x:zg r; and y=uxz,,
i=1

which satisfy = + y < a,. We observe that since r > 2 and 1/x is a convex
function, then

(4.6)
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If we assume that >\, 1/x; < a, holds, (4.6) would yield

r—1
im1 Ty Ty Zi:l €T; Ly r oy

in contradiction to the case r = 2 previously proved. This shows that for
r > 2, inequality (4.4) holds strictly.

For the equality case we assume that (4.4) holds with equality. We already
know that then, necessarily, » = 2, otherwise the inequality (4.4) would be
strict. Therefore, the equality in (4.4) is equivalent to the identity anac% —
apmxi;+m =0 (cf. (4.5)). But in this case they must be n =5 and D = 0,
otherwise (4.5) would hold strictly. Finally, notice that D = 0 (when n = 5)

occurs if and only if m = 2. Thus,
0= a5x% —asmry +m = 23:% —4x1+2=2(x1 — 1)2
if and only if z1 = 1 and so z9 = 1. O

Now we are in a position to show Theorem 4.1.

Proof of Theorem 4.1. First we note that if w = (w,0,...,0,wy,) € LM\LY,
then f,,(2) = wp + wy, 2™, all whose roots cannot be imaginary pure complex
numbers (aside from the real root if n is odd) for any values of wp, w, € R>o.
So we will consider only tuples in £Z.

Let n be even, and we assume there exists w = (wo, ..., wn) € LZ such
that all the roots of f,(z) are {£b;i,j =1,...,n/2}, with b; € Ro. Then

n/2

fulz) = wn [J(z* +09),

Jj=1

which would imply, in particular, that wy;11 =0 for alli =0,...,(n—2)/2.
Thus w; = 0 for every i = 1,...,n — 1, and so f,(z) would be of the form
fuw(z) = wn (2™ + a), a contradiction.

Now let n be odd. Let w = (wp,...,wn) € LY, be such that the roots of
fw(z) are {—c, +bii,j=1,...,(n— 1)/2}, with ¢,b; € R5p. From

(n=1)/2
fulz) =wn(z+¢) ] (Z*+13)

j=1

(n-1)/2 o\ s (n—1)/2 2\ s o
2 n— 2 n— n—
Sl W
1 j=1
(n—1)/2 (n—1)/2

(n—1)/2
o e R =) R ()2

j=1 J=1 i#j j=1 i
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Since w is log-convex, it must be, in particular, w%_Q < wp_3wWn_1 and

w% < wyws, which are equivalent to the relations

9 1 (n—1)/2 3 (n—1)/2 (n— 1)/2
2 2 2
o5 Y, <5 and >, Iv<-—— H
Jj=1 J=1 i#j
i.e.,
(n—1)/2 b2 (n=1)/2 o
3n—1 c 3n
4 2 <= d <2
(4.7) L. 2=9p,-2 ™ Z 2 =920 2’
7=1 7j=1 J

respectively. Lemma 4.5 ensures that, when n > 5, the above two inequali-
ties cannot hold simultaneously, which gives the desired contradiction.
If n =5 then (4.7) becomes

b2 b 2 2
3+t3<2 and 22+z2_

and Lemma 4.5 ensures that both inequalities hold simultaneously if and
only if by = by = ¢. Therefore f,,(z) = ws(z+¢) (z2 + 02)2, which concludes
the proof. O

2,

For dual Steiner polynomials, the property provided by Theorem 4.1 is
slightly more restrictive.

Corollary 4.3. Forn > 4 there does not exist a star body K € S§ such that

all the roots of fK;Bn(Z) are imaginary pure complex numbers (excluding the
real root always existing in odd dimension).

Proof. Since all dual Steiner polynomials are log-convex coefficients polyno-
mials, Theorem 4.1 ensures that when n > 4, n # 5, there does not exist
K € 8@ such that all the roots of fx.p,(z) are imaginary pure complex
numbers.

So we set n = 5. Theorem 4.1 ensures that the only possible log-convex
coefficients polynomial, all whose roots are pure complex numbers (excluding
the existing real root), is of the form A(z+c) (22+02)2, for A, ¢ > 0. However,

it cannot be a dual Steiner polynomial for any star body K € S3. Indeed,
if this was the case, it should be

N 5—i

Wo(K) = Ac’,  Wi(K) =A%

fori=1,...,4, Ws(K)=A

for some K € 87, which would verify the dual Aleksandrov-Fenchel inequal-
ities (2.2). But since, for instance,

4

Wo(K)? — Wi (K)Ws(K) = 7A2 - gA - “a o 0,

the equality case in (2.2) would imply that K is a suitable dilation of Bs, and
so0, all dual Aleksandrov-Fenchel inequalities should hold with equality. This
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is however not the case, because W4 (K)%—W3(K)W5(K) = —4X2c? /25 < 0.
It concludes the proof. O

With respect to real roots, a comparable result to Theorem 4.1 can be
obtained: not all the roots can be real numbers, unless they coincide. For
completeness, we include its proof, following the argument of [1, Proposi-
tion 4.4], where it was shown that in the case of the more restrictive family
of dual Steiner polynomials, not all their roots can be real unless they all are
equal. For the proof we need the following notation: for complex numbers

21y ..,2r € C let
si(zl,...,zr) = Z HZj

JcA1,...,r} jed
#J=i
denote the i-th elementary symmetric function of zy,...,2., ¢ = 1,...,7,
with so(z1,...,2,) = L.

Proposition 4.1. Letw € L". Ifw = (wo,...,wn) € LY, then all the roots
of fu(z) are real if and only if w = wyp(a™ a™ ', ... a,1) for some a > 0,
i.e., if and only if fu(z) = wn(z + a)™; therefore, all the roots are equal.

If w = (wo,0,...,0,w,) € L™, then all the roots are real if and only if
wo =0, i.e., if and only if all the roots are equal 0.

Proof. If w = (wy,0,...,0,w,) € L™, then f,(2) = wy+wy,z", and the thesis
follows trivially.

So we assume that w = (wo,...,wy) € LY, and let v1,...,7, € R be
the roots of f,(z). Then, its coefficients can be expressed in terms of the
elementary symmetric functions of the roots, namely,

S\ Wy )
SZ(/ylaa'Yn):(_]-)z<> z 17 1=0,...,n.

1) wn

We know that the elementary symmetric functions satisfy the Newton in-
equalities (see, e.g., [5, Theorem 51]), i.e.,

2
(Sz’(%,---,%)> > Si—1(71,- -5 7n) Si+1(71a~~-7'7n)’ i=1,... . n—1,
(7) () (i+1)
and thus we get %21—1' > Wp—it1Wn—i—1, for alli =1,...,n — 1. Since w is a
log-convex tuple, we must have the equalities w?l_i = Wp—i+1Wn—i—1 for every
i=1,...,n—1, and hence, setting a = w,,_1/wy,, we have that w,_; = alwy,
for all i = 0,...,n. Therefore f,(z) = wn(z + a)", as required. O

5. BOUNDS FOR THE ROOTS OF LOG-CONVEX COEFFICIENTS AND DUAL
STEINER POLYNOMIALS

In this section we investigate additional properties for the roots of dual
Steiner polynomials, providing, among others, bounds for them and a new
characterization of the Euclidean ball. Again, some of these results will be
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obtained as consequences of the corresponding ones for log-convex coeffi-
cients polynomials. We start with some bounds for the moduli of the roots
of these general polynomials.

Proposition 5.1. Let w = (wo,...,wn) € L2y and let v;, i = 1,...,n, be
the roots of the polynomial f,(z). Then:

i) The roots are bounded by
Wn—1 nwo
— <yl < —.

NWy, w1

ii) Moreover,
Wn—1

< max |yl and  min |y <2
max |y;| an min || < —.
Wy T 1<i<n & 1Sy, = w1
Proof. In order to prove i) we follow the ideas of [6, Proposition 2.1]. Using
Proposition 3.1 we just have to find the minimum and maximum of the
quotient (?)u}i/((if_l)Wi_i_l), i =0,...,n—1. The log-convexity of the tuple

(wo, - - - ,wp), and since w; > 0 for all i = 0,...,n, implies that
w w W
(5.1) 052y Eel
w1 w2 Wn
whereas () / (Zﬁl) is increasing. So we get
Wn—1 < (7;)(4}2 < nwo
<= <
o T ()wien T wi

fori=0,...,n—1.
Next we use Proposition 3.2: for f,(z) it is b; = (nﬁl) Wn—i/wn, and hence
the biggest (with regard to modulus) root of f,,(2) satisfies

1 Sn [ wni \ 1
. >7 n— )
R C

=1

Now, from (5.1) and taking geometric means, we get that

1/(i—1)
< Wn—i Wn—it+1 wn2> > Wn—1 i=1 n
A p ) - ) b b}
Wn—i+1 Wn—i42 Wn—1 Wn,
and thus wy,—; > w!_;/wi~ for all i = 1,...,n. Therefore,
n
max |y;| > 1 Z I Wno1 _ Wn
; = 1/i  (i-1)/i — :
1<i<n n 3 wn W )/ Wn,

Finally, to show the second bound in ii), we note, on the one hand, that ~;
are also roots of the polynomial f.,(z) for w’ = (1,w1/wo, ..., wn/wo) € LY.
On the other hand, Theorem 3.2 for » = 1 ensures that
: wo
< —.
min |l <

This concludes the proof. O
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Next we get bounds for the real and the imaginary parts of the roots.
Proposition 5.2. Let w = (wo,...,wn) € L2y and let v;, i = 1,...,n, be
the roots of the polynomial f,,(z). Then, the following properties hold:

i) There exists ig € {1,...,n} such that |Re(%0)’ < wp/wi.
ii) Z?:0|Re(%)} > nwp—1/wn, and equality holds if Re(vy;) < 0 for all
i=1,...,n.

iii) maxi<i<n|[Im(y;)| > (1/wn)\/wnwn—2 —w?_,.

Proof. Since fu,(z) = wy [[;—,(z — ) we have

n

(—1)"wp = wy, H% and (—1)”_1nw1 = wy, Z H’yj.
i=1 i=1 ji

Thus we get

Therefore, there exists a root ~y;, such that Re(1/v;,) < —w1/wp, i.e., such
that [Re(1/7i,)| > w1/wo, and hence |Re(vi,)| < wo/wi. It proves i).

Next, since
n
Wn, g Yi = —NWn-1,
i=1

we have

n

Wp—1
Wn,

Sl =[S Ren)| < S [Reri)].
=1 =1 =1

Furthermore, if all the roots have non-positive real part, we even have

Z|Re(%)‘ = Z Re(vi)
i=1 i=1

which shows ii).
Finally we prove iii). Denoting by fyz-(]),j =1,....,n—2andi=1,...,n—j,
the roots of the j-th derivative fg)(z), Theorem 3.4 yields

n n n—1 non 1 n—2

1 - 2
> [im(r)] = =37 [m(3)| = LIS ()|
=1 =1 =1

2 2
n n-—1 3 (n—2) ‘_ﬁ ‘ (n—2) )
2n—1n—2”'2;‘lm(% ) _Q;Im(%‘ )|

Since f3' 7 (2) = (n!/2) (wn—2 + 2wn_12 4+ wyz?), the roots of FU 2 (2) are
given by

2
WnWn—2 — W
(n=2) (n-2) _ “Wn-1 \/ nn—2 n—1
71 7’)/2 - 1
Wn, Wn,

)
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and then we get

n \/wnwn_g —w;,_q
Z‘Im(%ﬂ >n -
i=1 n
Therefore,
n \/wnwn,Q —w?
nlrél%)%‘lm(%)‘ > ;!Im(%)‘ >n o . O

5.1. Bounds for the roots of dual Steiner polynomials. Using Propo-
sitions 5.1 and 5.2 we directly get bounds for the moduli and real parts of
the roots of dual Steiner polynomials depending on the dual quermassin-
tegrals. We are also interested in obtaining bounds in terms of additional
functionals related to star bodies.

We define the inner and outer radii, r(K) and R(K), of a star body K as

r(K) =max{r >0:rB, C K}, R(K) =min{R >0: K C RB,},
and we will use the inequalities
(5.2) (K)Wig1 (K) < Wi(K) < R(K)Wip(K)

for i = 0,...,n — 1: since r(K)B, C K and K C R(K)B,, the above
inequalities are a direct consequence of the monotonicity of the dual mixed
volumes. We stress that the functionals r(KX) and R(K) are different from
the classical inradius and circumradius, because here the balls are taken
to be centered at the origin; indeed, since dual quermassintegrals are not
translation invariant, inequalities (5.2) would be in general not true for the
classical inradius and circumradius.

We start considering the 2-dimensional case. By the dual Aleksandrov-
Fenchel inequalities (2.2), the roots of the polynomial fg.p,(2), namely,

W mvol(K) — W1(K)?
W) el - Wak?
s s

are always non-real complex numbers (unless K = ABy), with modulus
|7i| = /Vvol(K)/m; hence, using (5.2) we get the bounds

—R(K) <Re(y) < —r(K) and r(K) <|y| <R(K).
In arbitrary dimension we can get the following bounds for the moduli and

real parts of the roots. They are obtained as direct consequences of Propo-
sitions 5.1 and 5.2, and using (5.2):

Proposition 5.3. Let K € §f and let v;, i = 1,...,n, be the roots of the
dual Steiner polynomial fr.p,(2). Then the following properties hold:
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i) The roots are bounded by
r(K)

n

< |yl < nR(K).
Furthermore,

< <

r(K) < max | and - min |y| < R(K).

ii) There exists ig € {1,...,n} such that |[Re(y;,)| < R(K).

iii) Moreover, if Re(v;) < 0 for alli = 1,...,n then Z?:[)‘Re(%)‘ <
nR(K).

iv) 3iso|Re(vi)| > nr(K).

Remark 5.1. Following the argument of the proof of i) in Proposition 5.2,
we can also write the mequah’ty

_”r(}()g Vol ;Re< )

Thus, one may conclude the existence of a root v; with Re(l/%) —1/r(K).
This would provide a bound for the real part of the root ’yj = 1/~; of the dual

Steiner polynomial an (2). Indeed, since W, (K) = W, i(Bp; K) we have

fK B, (2 ) = z”me (1/z), and thus, the roots of an;K(z) are precisely 1/;,
1=1,.

5.2. A characterization of the ball via the roots of the dual Steiner
polynomials. As we have seen, for any dual Steiner polynomial there al-
ways exists a root v with real part lying in the interval [~R(K),R(K)]
(cf. Proposition 5.3 ii)), and indeed, there are star bodies such that all the
real parts of the roots of fK; B, (2) lie in the above interval, as the following
example shows.

Example 5.1. We consider the positive numbers (2,1,1). Since they satisfy
the dual Aleksandrov-Fenchel inequalities, Theorem 2.1 ensures the existence
of K € 8 such that vol(K) = 2 and W1(K) = Wy(K) = 1. Then, by
numerical computations one can check that the real parts of the roots of the
dual Steiner polynomial fK;Bg (2) = 2+32+322+(47/3)23 lie in the interval

vol(K') vol(K)
—2,2) = —R(K),R(K)),
( )<W1() ()>C(()())

where the last inclusion follows from (5.2).

However, the interval (—R(K),R(K)) cannot be reduced to the one de-
termined by the inner radius, as Corollary 5.1 shows. This will be an easy
consequence of the characterization of the Euclidean ball given in Theo-
rem 2.2, which we prove next.
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Proof of Theorem 2.2. If K = aB,,, then fK;Bn(z) = Kkn(z + a)", and hence
it has an n-fold real root, namely, vy = --- = 7, = —a. So we assume that
Re(;) = —a for i = 1,...,n, and we prove the assertion by induction on
the dimension.

Let n = 3, and we suppose that K is not a ball. Let vy = —a, y2 = —a+bi
and y3 = —a — bi, where b > 0 because K # aBs. Then fg.p,(2) =
k(23 + 3az® + (3a® + b?)z + a(a® 4 b*)), and hence

(5.3) Wa(K) = r3a, Wl(K)z%(:saMb?), vol(K) = wza(a® + b2).

Since K is not a ball, the dual é}eksandrov—Fencth inequalities must hold
strictly; in particular one has W1(K)? < vol(K)Wz(K), or equivalently,
using (5.3), we have

2
%52(192 — 3a%) < 0.
Since b # 0 the above inequality holds if and only if b < v/3a. But this is
a contradiction, because, as we have proved in Corollary 2.1, if —a 4 bi is a
root of a 3-dimensional dual Steiner polynomial then b > v/3a. Therefore
K = aBs, which concludes the proof in the case n = 3.

Now let n > 3, and we assume that the assertion is true in dimension n—1.
FAygain we suppose that K is not a ball. It is known that the derivative of
fr:B, () is also a dual Steiner polynomial (see [1, Proposition 4.1]). Hence,
there exists K’ € Sy~ ! such that

n

Zl (” - 1)nv“vi+1<f<>zi

fI/(;Bn(Z) = <n> Z'Wi(K)zifl =
=0

™

=1
=2 S (D) e = P )
B Rp—1 ? ! B Rn—1 KB ’

where W;(K") = (Kp_1/kn)Wis1(K), i = 0,...,n — 1. On the one hand,
since K is not a ball, the dual Aleksandrov-Fenchel inequalities (2.2) hold
strictly for the dual quermassintegrals WI(K ), and therefore, the same oc-
curs for W;(K'); so, K’ is not an (n — 1)-dimensional ball.

On the other hand, denoting by 7/, i = 1,...,n—1, the roots of J?I’{;Bn (2),
Lucas’ theorem (see Theorem 3.3) ensures that

Vs Y1 € convi{vy, ..., Y},

and hence Re(y)) = —a for all i = 1,...,n — 1. Since we are assuming that
the assertion is true in dimension n — 1, we get the desired contradiction.
This concludes the proof. O

Corollary 5.1. Let K € §3 and let v;, i = 1,...,n, be the roots of the dual
Steiner polynomial fr;p, (2). If Re(y;) € [—r(K),x(K)) foralli=1,...,n,
then v; = —r(K) for alli=1,...,n, and hence K = r(K)B,,.
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Proof. We assume there exists j € {1,...,n} such that Re(y;) > —r(K).
Then Y7 ;|Re(v:)| < nr(K), which is not possible (see Proposition 5.3 iv)).
Therefore Re(;) = —r(K) for all ¢ = 1,...,n and Theorem 2.2 gives the
result. O
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